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$F$ $0$ ( $V$, (, )) $F$ $n$
$V^{\square }=V\oplus V, V_{1}=V\oplus\{0\}, V_{2}=\{0\}\oplus V$
$(,$ $)^{\square }$ : $V^{\square }\cross V^{\square }arrow F$ :
$(x+y, x’+y’)^{\square }=(x, x’)-(y,y’) (x,x’\in V_{1}, y, y’\in V_{2})$ .
$G=O(V)$ $G^{\square }=O(V^{\square })$ $V$ $V^{\square }$
$G\cross Garrow G^{\square }$ $i$
$(V^{\square }, (,$ $)^{\square })$
$V^{\triangle}=\{(x, x)\in V^{\square }|x\in V\}, V^{\nabla}=\{(x, -x)\in V^{\square }|x\in V\}$
$V^{\square }=V^{\nabla}+V^{\triangle}$ $V$ polarization $G^{\square }$
$P(V^{\triangle})=\{g\in G^{\square }|V^{\triangle}g=V^{\triangle}\}$ $s$
$I(s)=Ind_{P(V^{\triangle})}^{G^{\square }}|\det|^{s}$ $P(V^{\triangle})$ $p\mapsto|\det(p|_{V}\triangle)|^{-s}$
$G^{\square }$
$G^{\square }$ $K^{\square }$
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$G^{\square }=P(V^{\triangle})K^{\square }$ $K^{\square }$- $f^{(s)}$ : $G^{\square }\cross \mathbb{C}arrow \mathbb{C}$
$s$ $s$ $f^{(s)}\in I(s)$ $I(s)$
$\pi$ $G$ $\pi^{\vee}$ $\pi$ $(\pi$
$\pi\simeq\pi$ ). $\xi\in\pi,$ $\xi^{\vee}\in\pi^{\vee}$ $f^{(s)}$
$Z( \xi\otimes\xi^{\vee}, f^{(s)})=\int_{G}\langle\pi(g)\xi, \xi^{\vee}\rangle f^{(s)}(i(g, e))dg$
$\Re s$
$V$ $L$ $n$ $Sp(n-1, \mathbb{C})\cross Ga1(\overline{F}/F),$ $n$
$SO(n, \mathbb{C})\rtimes Ga1(\overline{F}/F)$ $n$ $V$ $E$ $F$
$\epsilon=$ diag $[1, 1, \ldots, 1, -1]\in O(n, \mathbb{C})^{\backslash }{}_{\backslash }SO(n, \mathbb{C})$
Gal$(E/F)$ $g\mapsto\epsilon g\epsilon^{-1}$
$n$ $N=n-1,$ $n$ $N=n$
std : $LGarrow GL_{N}(\mathbb{C})$ $L$
1.1. $G$ $L$ Adams [1]






$Z( \xi_{0}\otimes\xi_{0}^{\vee}, f_{0}^{(S)})=L(s+\frac{1}{2}, \pi, std) \langle\xi_{0}, \xi_{0}^{\vee}\rangle b(s)^{-1}$ , (1.1)
1.2 $L$ $\epsilon$ $\gamma$
$\psi$ $F$ $N$ $P(V^{\triangle})$ $M(s)$ :
$I(s)arrow I(-s)$
$M(s)f^{(s)}(g)= \int_{N}f^{(s)}(wug)du, w=(1, -1)\in G\cross G\subset G^{\square }$
Piatetski-Shapiro, Rallis Lapid [14, 15, 12]
$Z(\xi\otimes\xi^{\vee}, f^{(s)})$ Lapid Rallis $M(s)$
$M_{\psi}^{\dagger}(s)$
$\gamma$
$Z( \xi \xi^{\vee}, M_{\psi}^{\dagger}(s)f^{(s)})=\epsilon_{\pi},v,\psi\gamma(s+\frac{1}{2}, \pi, \psi)Z(\xi\otimes\xi^{\vee}, f^{(s)})$.
$n$ $\epsilon_{\pi,V,\psi}$ $V$ Hasse $n$
$\chi_{V}$
$F^{\cross}$ $\epsilon_{\pi,V,\psi}=\pi(-1)\epsilon(1/2, \chi_{V}, \psi)$












$\bullet$ $f^{(s)}$ $\Re s\geq 0$ $M\dagger(s)f^{(s)}$ $\Re s<0$
Tate $L$ Euler
1.5 ([14, 20]). $\pi$ Euler $L(s, \pi)$ $\epsilon(s, \pi, \psi)$
$\bullet$ $\xi\in\pi,$ $\xi^{\vee}\in\pi^{\vee}$ $f^{(s)}$ $Z( \xi\otimes\xi^{\vee}, f^{(s)})/L(s+\frac{1}{2}, \pi)$
$\bullet$ $s’\in \mathbb{C}$ $\xi\in\pi,$ $\xi^{\vee}\in\pi^{\vee}$ $f^{(s)}$
$\lim_{sarrow s’}Z(\xi \xi^{\vee}, f^{(s)})/L(s+\frac{1}{2}, \pi)$ $0$
$\bullet$ $\xi\in\pi,$ $\xi^{\vee}\in\pi^{\vee},$ $f^{(s)}$ :
$\frac{Z(\xi\otimes\xi^{\vee},M^{1}(s)f^{(s)})}{L(\frac{1}{2}-s,\pi)}=\epsilon_{\pi,V},\psi\epsilon(s+\frac{1}{2}, \pi, \psi)\frac{Z(\xi\otimes\xi^{\vee},f^{(s)})}{L(s+\frac{1}{2},\pi)}$. (1.2)
1.6. (1) $\epsilon$ $\gamma$
:
$\gamma(s, \pi, \psi)=\epsilon(s, \pi, \psi)L(1-s, \pi^{\vee})/L(s, \pi)$ . (1.3)
(2) $(,$ $)=0,$ $G=GL(V)$




(4) $\phi\in C_{c}^{\infty}(G)$ $supp(f_{\phi}^{(s)})\subset P\cdot(G\cross e)$ $f_{\phi}^{(s)}|_{G\cross e}=\phi$
$I(s)$ $f_{\phi}^{(8)}$ $(F$ $K^{\square }$-




$Z^{\dagger}( \xi\otimes\xi^{\vee}, f^{(s)})=Z(\xi\otimes\xi^{\vee}, f^{(s)})/L(s+\frac{1}{2}, \pi)$
$\Re s’\geq 0$ $Z\dagger(s’, \pi)\in Homc\cross G(I(s’), \pi^{\vee}\otimes\pi)$
$[Z^{\dagger}(s’, \pi)f^{(s’)}](\xi\otimes\xi^{\vee})=\lim_{Sarrow s’}Z^{\uparrow}(\xi\otimes\xi^{\vee}, f^{(s)})$
$O$
1.3 Multiplicativity





$L(s, \sigma)=\prod_{j=0}^{k}L(s, \sigma_{j})$ , $\epsilon(s, \sigma, \psi)=\prod_{j=0}^{k}\epsilon(s, \sigma_{j}, \psi)$ , $\gamma(s, \pi, \psi)=\prod_{j=0}^{k}\gamma(s, \sigma_{j}, \psi)$ .






$G$ $\pi$ $Ind_{Q}^{G}\sigma$ $\pi$
$Ind_{Q}^{G}\sigma$ Langlands $Q$ $\sigma$ $\pi$
Langlands
1.7. $\pi$ $Ind_{Q}^{G}\sigma$ Langlands
$L(s, \pi)=L(s, \sigma)$ , $\epsilon(s, \pi, \psi)=\epsilon(s, \sigma, \psi)$ , $\gamma(s, \pi, \psi)=\gamma(s, \sigma, \psi)$ .
$\gamma$ $\gamma$




L8. $P=MN$ $G$ $M$ $\sigma$ 1.5
$Ind_{p}^{G}\sigma$ 1.5 $L(s, Ind_{p}^{G}\sigma)=L(s, \sigma)$ .
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1.9 (1) 1.8 1.5
(2) $L$
Proof. $Ind_{P}^{G}\sigma$
$\int_{P\backslash G}\langle\xi(xg), \xi^{\vee}(x)\rangle dx (\xi\in Ind_{P}^{G}\sigma, \xi^{\vee}\in Ind_{P}^{G}\sigma^{\vee})$
$Ind_{P}^{G}\sigma$
$Z( \xi\otimes\xi^{\vee}, f^{(s)})=\int_{PxP\backslash G\cross c^{Z(\xi(g)\otimes\xi^{\vee}(g’),\Psi_{g,g’}(s)f^{(s)})dgdg’}}$
$\sigma$
$\Psi_{g,g’}(s)f^{(s)}(m)=\int_{N}\delta_{P}(m)^{-1/2}f^{(s)}((umg, g’))du$
$l$ $M^{\square }$ $\iota\grave{}$-s(b$\exists$i $*$r,$\backslash P^{1}$ $\ovalbox{\tt\small REJECT}\Re I_{M^{\square }}(s2$ $\Psi \mathfrak{Y}$i
(1) $L(s, Ind_{p}\sigma)/L(s, \sigma)$ $\int_{P\cross P\backslash G\cross G}$
$\xi$ $\xi^{\vee}$ (2) $L(s, Ind_{p}^{G}\sigma)/L(s, \sigma)$
1
1.10. (1) $f^{(s)}$ $\Psi_{g,g’}(s)f^{(s)}$
(2) $I_{M^{\coprod}}(s)$ $h^{(s)}$ $f^{(s)}$
$\Psi_{e,e}(s)f^{(s)}=h^{(s)}.$
Proof. $\Psi_{g,g’}(s)$ $\Re s>-\frac{1}{2}$ $\Psi_{g,g’}(s)f^{(s)}$ $\Re s\geq 0$





1.11. $P=MN$ $G$ $\sigma$ $M$ $\pi$ $Ind_{p}^{G}\sigma$
:
(1) $L(s, \pi)/L(s, \sigma)$
(2) $s’$ $\xi\in\pi,$ $\xi^{\vee}\in\pi^{\vee}$
$f^{(s)}$ $\lim_{s=s’}Z(\xi\otimes\xi^{\vee}, f^{(s)})/L(s+\frac{1}{2}, \pi)\neq 0$
$L(s, \pi)=L(s, \sigma)$ .
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1.12. $\pi$ $L(s, \pi)=L(s, \pi, std)$ .
1.5 Godement-Jacquet $L$
$\pi$ $L^{GJ}(s, \pi),$ $\epsilon^{GJ}(s, \pi, \psi),$ $\gamma^{GJ}(s, \pi, \psi)$
Godement-Jacquet
1.13. $\pi$ $GL(n)$
$L(s, \pi)=L^{GJ}(s, \pi)L^{GJ}(s, \pi^{\vee})$ .
1.13 1.7
$\gamma(s, \pi, \psi)=\gamma^{GJ}(s, \pi, \psi)\gamma^{GJ}(s, \pi^{\vee}, \psi)$
[12] $\pi$ $L(s, \pi)$ $L^{GJ}(s, \pi)$
$L^{GJ}(s, \pi^{\vee})$ $\Re s>0$ $\gamma$
1.13
$U=F^{n},$ $U^{\square }=U\oplus U,$ $U^{\triangle}=\{(u, u)\in U\},$
$G=GL(U)$ , $G^{\square }=GL(U^{\square })$ , $P=\{g\in G^{\square }|U^{\triangle}g=U^{\triangle}\}$
$P$ Levi $M$ $GL(n)\cross GL(n)$ $s_{1},$ $s_{2}\in \mathbb{C}$
$I(s_{1}, s_{2})=Ind_{p}^{G^{\square }}|\det|^{s_{1}}\otimes|\det|^{-s_{2}}$
$\xi\in\pi,$ $\xi\in\pi^{\vee},$ $I(s_{1}, s_{2})$ $f^{(s_{1},s_{2})}$
$Z( \xi\otimes\xi^{\vee}, f^{(S_{1},S2)})=\int_{G}\langle\pi(g)\xi, \xi^{\vee}\rangle f^{(s_{1},s_{2})}(i(g, e))dg$
$f^{(s_{1},s_{2})}$ $\pi$
$\mathbb{C}^{2}$ $\{\Re s_{1},$ $\Re s_{2}>-\frac{1}{2}\}$






$\pi$ $|\det|^{s}f^{(s_{1},s_{2})}\in I(s_{1}+s, s_{2}-s)$
$Z(\xi\otimes\xi^{\vee}, |\det|^{s}\cdot f^{(s_{1},s_{2})})=Z((|\det|^{s}\cdot\xi)\otimes(|\det|^{s}\cdot\xi^{\vee}), f^{(s_{1},s_{2})})$
$L^{GJ}(s, \pi)^{-1}L^{GJ}(s, \pi^{\vee})^{-1}L(s, \pi)$ $\alpha(q^{-s})$
$U_{1}=U\oplus\{0\},$ $U_{2}=\{0\}\oplus U,$ $P^{U_{1}}=\{g\in G^{\square }|U_{1}g=U_{1}\}$
$P^{U_{2}}$ $N^{U_{1}}$ $\phi\in \mathscr{S}(N^{U_{1}})$
$\bullet supp(f_{\phi}^{(s)})\subset P\cdot\overline{N}$;
$\bullet f_{\phi}^{(s)}|_{N^{U_{1}}}=\phi$
$I(s)$ $f_{\phi}^{(s)}$ $(i=1,2)$ . $N^{U_{1}}\simeq M_{n}(F)$
$Z( \xi \xi^{\vee}, f_{\phi}^{(s)})=Z^{GJ}(\xi\otimes\xi^{\vee}, s+\frac{1}{2}, \phi)$ (1.5)
$L^{GJ}(s, \pi)/L(s, \pi)$ $\alpha(q^{-s})$ $L^{GJ}(s, \pi^{\vee})^{-1}$
$\alpha(q^{-s})$ $L^{GJ}(s, \pi)^{-1}$
$L(s, \pi)^{-1}$ $L(1-s, \pi^{\vee})^{-1}$ $\alpha(q^{-s})$ $\alpha(q^{s-1})$
(1.3)
$\epsilon^{GJ}(s, \pi, \psi)\epsilon^{GJ}(s, \pi^{\vee}, \psi)=\epsilon(s, \pi, \psi)\alpha(q^{s-1})/\alpha(q^{-s})$.
$\alpha=1$
1.6 Langlands $L$
$G=O(V)$ $M_{1},$ $M_{0},$ $Q’,$ $N,\overline{N}$
$Ind_{Q}^{M_{1}},(\sigma_{1}$ $. . .$ $\otimes\sigma k)$ Langlands $\rho$ $\rho=\rho\otimes\sigma 0,$ $M=M_{1}M_{0},$




$\eta\in Ind_{P}^{G}\rho$ $\eta^{\vee}\in Ind_{\overline{p}}^{G}\rho^{\vee}$
$\int_{P\backslash G}\int_{N^{-}}\langle\eta(uxg), \eta^{\vee}(x)\rangle dudx=\int_{M\backslash G}\langle\eta(xg), \eta^{\vee}(x)\rangle dx$
$\pi$
$\int_{P\backslash G\cross\overline{P}\backslash G}\int_{M}\langle\rho(m)\eta(g),$ $\eta^{\vee}(g’)\rangle\int_{N^{-}}[\Psi_{g,ug’}(s)f^{(s)}](i(m, e))dudmdgdg’$
:
$I(s)^{\Psi_{g,g’}(s)}-arrow Ind_{P^{\square }}^{G^{\square }}I_{M^{\square }}(s)^{\ovalbox{\tt\small REJECT}^{1\rfloor\beta E}}arrow Ind_{P\cross P}^{G\crossG\overline{N}}I_{M^{\square }}(s)^{\int_{arrow}}Ind_{P\cross P^{-}}^{G\cross G}I_{M^{\square }}(s)$ .
1.5
$L(s, \sigma)=L(s, \sigma_{0})\prod_{j=1}^{k}L^{GJ}(s, \sigma_{j})L^{GJ}(s, \sigma_{j}^{\vee})$
$=L(s, \sigma_{0})L^{GJ}(s, \rho)L^{GJ}(s, \rho^{\vee})$ .
Godement-Jacquet $L$ Langlands
(Jacquet [6] ). $L$ $L(s, \sigma_{0})L^{GJ}(s, \rho)$ $\Re s>0$
$s’$
$\lim_{s=s’}Z(\xi\otimes\xi^{\vee}, f^{(s)})/L^{GJ}(s+\frac{1}{2}, \rho^{\vee})\neq 0$
$\xi\in\pi,$ $\xi^{\vee}\in\pi^{\vee}$ $f^{(s)}$
$M_{1}^{\square }$ $N^{U_{1}}$ 1.5
$\rho$ $GL(U’)$ $M_{1}$ $GL(U)$
$N^{U_{1}}$ $U_{2}’,$ $U^{\prime\square }/U_{2}’,$ $U_{1},$ $U^{\square }/U_{1}$
$G\cross e$ $P(V^{\triangle})\backslash G^{\square }$
([15]) $\overline{N}MN\cross e$ $P(V^{\triangle})\backslash G^{\square }$
1.14. $(u, w, m_{0}, v)\mapsto P(V^{\triangle})(u, e)w(m_{0}v, e)$ $\overline{N}\cross N^{U_{1}}\cross$
$M_{0}\cross N$ $P(V^{\triangle})\backslash G^{\square }$
Proof. $u\in\overline{N},$ $v\in N,$ $w\in N^{U_{1}},$ $m0\in M_{0}$
$m=(u, e)w(m_{0}v, e)$ $V^{\triangle}m$ $u,$ $v,$ $w,$ $m_{0}$
$pr_{V_{0}}$ $pr_{U}$ Witt $V=U’\oplus V_{0}\oplus U$
$pr_{1}$ $pr_{2}$
$V^{\square }=V_{1}\oplus\ovalbox{\tt\small REJECT}$
$t\in V$ $\triangle(t)=(t, t)$
$pr_{U}\circ pr_{2}(\triangle(t)m)=pr_{U}(t) , pr_{V_{O}}\circ pr_{2}(\triangle(t)m)=pr_{V_{0}}(t)$
$\{p\in U^{\triangle}m|pr_{U}\circ pr_{2}(p)=0, pr_{V_{0}}\circ pr_{2}(p)=0\}=\triangle(U’)m.$
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$\alpha_{v}\in Hom(U’, U),$ $\gamma_{v}\in Hom(U’, V_{0}),$ $\mu_{w}\in$ End $(U’)$
$(x,0,0)v=(x, x\gamma_{v}, x\alpha_{v})$ , $\Delta(x)w=((x, 0,0), (x+x\mu_{w}, 0,0))$ , $x\in U’.$
$\triangle(Y)m=\{((x, x\gamma_{v}, x\alpha_{v}), (x+x\mu_{w}, 0,0))|y\in Y\}$
$v$ $w$ $m$ $mv^{-1}$ $v=e$
$t=(x, y, 0)$ $pr_{V_{0}}\circ pr_{1}(\triangle(t)m)=tm_{0}$ $m_{0}$ $m$
$mw^{-1}m_{0}^{-1}$ $m_{0}=e,$ $w=e$ $u$
$\phi_{1}\in \mathscr{S}(N^{U_{1}}),$ $\phi_{0}\in \mathscr{S}(M_{0}),$ $\phi’\in \mathscr{S}(N\cross N)$ $f^{(s)}$
:
$\bullet$ $suppf^{(s)}\subset P(V^{\triangle})N^{-}N^{U_{1}}M_{0}N$ ;
$\bullet$ $f^{(s)}(uwm_{0}v)=\phi’(v, u)\phi_{1}(w)\phi_{0}(m_{0})$ .
$\int_{N\cross N^{-}}\phi’(v, u)dvdu=1$
$\int_{N^{-}}[\Psi_{e,u}(s)f^{(s)}](i(m_{1}m_{0}, e))du=f_{\phi_{2}}^{(s)}(m_{1})f_{\phi_{0}}^{(s)}(m_{0})$ .
$\eta_{1}\in\rho,$ $\eta_{1}^{\vee}\in\rho^{\vee},$ $\eta_{0}\in\sigma_{0},$ $\eta_{0}^{\vee}$ $\in\sigma$ $\xi$ $\xi^{\vee}$
$Z(\xi\otimes\xi^{\vee}, f^{(s)})=Z(\eta_{1}\otimes\eta_{1}^{\vee}, f_{\phi_{1}}^{(s)})Z(\eta_{0}\otimes\eta_{0}^{\vee}, f_{\phi_{0}}^{(S)})$
1.6(4) (1.5) $\square$
1.7
$(W, \langle, \rangle)$ $2j$ $\ll,$ $\gg=(,$ $)\otimes\langle,$ $\rangle$
$\mathbb{W}=V\otimes_{F}W$ $(G, Sp(W))$ $Sp(\mathbb{W})$
dual pair $n$ $\tilde{H}$ $W$ $Mp(W),$ $n$










$V$ $\psi$ $\Theta_{j}(\pi)$ $0$









(2) $i\geq j(\pi)$ $\Theta_{j}(\pi)\neq 0.$
(3) $j(\pi)+j(\pi\otimes sgn)\geq n.$
1.16. (1) $j \leq\frac{n-1}{2}$ $\Theta_{j}(\pi)\neq 0$ $k=0,1,2,$ $\ldots,$ $n-1-j$
$\Theta_{k}$ ( $\pi\otimes$ sgn) $=0$ $\Theta_{j}(\pi)$ $\Theta_{j}$ ( $\pi\otimes$ sgn)
(2) $j(\pi)+j$ ( $\pi\otimes$ sgn) $=n$ $\pi$
([11,4] ).
Proof. $\Theta_{j}(\pi)\neq 0$ $\Theta_{k}(\pi\otimes sgn)\neq 0$ $0$ $G$
$\omega_{\psi,V,j+k}\simeq\omega_{\psi,V,j}\otimes\omega_{\psi,V,k}arrow\pi\otimes(\pi\otimes sgn)\simeq\pi$ $(\pi^{\vee}\otimes sgn)arrow sgn$
$j$ (sgn) $=n$ $j+k\geq n$
$sj=j- \frac{n-1}{2}$ [8] Weil $\omega_{\psi,v\square ,j}$ Schr\"odinger
$G$- $H$-
$\omega_{\psi,V^{\coprod},\dot{\gamma}}arrow I(s_{j}) , \Phi\mapsto f_{\Phi}^{(s_{j})}(g)=(\omega_{\psi,V^{\coprod},j}(g)\Phi)(0)$




1.17. $G$ $\pi$ :
$(a)\Theta_{\psi,V,j}(\pi)\neq 0$;
$(b)Hom_{G\cross G}(\Theta_{\psi,V^{\square },j}(1), \pi^{\vee}\otimes\pi)\neq 0.$
$i \geq\frac{n-1}{2}$
$(c)Z^{\uparrow}(Sj, \pi)$ $\Theta_{\psi,V^{\coprod},j}(1)$ $0$
Proof. $1.6(5)$ $(c)\Rightarrow(b)$ seesaw
seesaw
$Hom_{G\cross}c(\Theta_{\psi,V^{\square },j}(1), \pi\otimes\pi^{\vee})\simeq Hom_{\tilde{H}}(\Theta_{\psi,V,j}(\pi)\otimes\Theta_{\psi^{-1},V,j}(\pi^{\vee}),1)$
$(b)\Rightarrow(a)$
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$I(s_{j})/\Theta_{\psi,v\square _{j}},(1)\simeq\Theta_{\psi,V^{\square },n-1-j}(I)\otimes sgn$
(C)
$Hom_{Gx}c(\Theta_{\psi,V^{\square },n-1-j}(1)\otimes sgn, \pi^{\vee}\otimes\pi)\neq 0$
$\Theta_{n-1-j}$ ( $\pi\otimes$ sgn) $\neq 0$ . 1.15(3) $j(\pi)>i$ (a)
2
2.1 $L$
$L$ doubling $GL_{N}$ $L$
$F$ $\mathbb{A}$ $\psi$ $\mathbb{A}/F$ $V$
$F$ $n$ 1.1
$G^{\square }$ $I(s)=Ind_{P(V^{\triangle})(A)}^{G^{\square }(A)}|\det|^{s}$
$I(s)$ $f^{(s)}$
$E(f^{(s)})(g)= \sum_{\gamma\in P(V^{\triangle})(F)\backslash G^{\coprod}(F)}f^{(s)}(\gamma g)$
$\Re s>\frac{n-1}{2}$ $G^{\square }(\mathbb{A})$
$(\pi, V_{\pi})$ $G(\mathbb{A})$ $\pi$ $L$ $\epsilon$
$L(s, \pi)=\prod_{v}L(s, \pi_{v}) , \epsilon(s, \pi)=\prod_{v}\epsilon(s, \pi_{v}, \psi_{v})$
$\epsilon(s, \pi)$ $\psi$ $(\pi^{\vee}, V_{\pi^{\vee}})$
$\pi$
$V_{\pi}\vee=\overline{V_{\pi}}$ $\xi_{1},$ $\xi_{2}$
$G(\mathbb{A})$ Petersson $\langle\xi_{1},$ $\xi_{2}\rangle_{G}$ :
$\langle\xi_{1}, \xi_{2}\rangle_{G}=\int_{G(F)\backslash G(A)}\xi_{1}(g)\overline{\xi_{2}(g)}dg.$
$\xi_{1}\in V_{\pi},$ $\xi_{2}\in V_{\pi^{\vee}},$ $I(s)$ $f^{(s)}$ :
$Z( \xi\otimes\xi^{\vee}, f^{(s)})=\int_{G(F)xG(F)\backslash G(A)\cross G(A)}\xi(g_{1})\xi^{\vee}(g_{2})E(f^{(s)})(i(g_{1}, g_{2}))dg_{1}dg_{2}.$
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$Z( \xi\otimes\xi^{\vee}, f^{(s)})=\int_{G(\mathbb{A})}\langle\pi(g)\xi, \xi^{\vee}\rangle_{G}f^{(s)}((g, e))dg$




$Z( \xi\otimes\xi^{\vee}, f^{(s)})=\frac{L(s+\frac{1}{2},\pi)}{b(s)}\prod_{v\in S}Z^{\dagger}(\xi_{v} \xi_{\check{v}}, b_{v}(s)f_{v}^{(s)})$
$($ 2.1 $)$
$L$ $L(s, \pi)$ (
) Eisenstein
2.1 ([9, 20]). $L(s, \pi)$ $\Re s>\frac{n}{2}$
) $L(s, \pi)$ $\{1-\frac{n}{2},2-\frac{n}{2},$ $\ldots,$ $\frac{n}{2}\}\backslash \{\frac{1}{2}\}$




$Mp(\mathbb{W})_{\mathbb{A}}$ $Sp(\mathbb{W})$ $Sp(\mathbb{W}, \mathbb{A})$







2.2 ( Howe ). $\otimes_{v}\theta_{\psi}$ $(\pi_{v})$ $\tilde{H}_{A}$
Mp$(\mathbb{W})_{A}arrow Sp(\mathbb{W}, \mathbb{A})$ $Sp(\mathbb{W}, F)arrow$ Mp$(\mathbb{W})_{\mathbb{A}}$
$\Theta$









2.3 (Rallis [16]). (1) $j\geq n$ $\theta_{j}(\pi)\neq 0.$
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(2) $\theta_{j}(\pi)\neq 0$ $i’\geq i$ $\theta_{j’}(\pi)\neq 0.$
(3) $io$ $\theta_{j_{0}}(\pi)$ $\theta_{j_{0}}(\pi)$
$T$ $sgn_{T}=\prod_{v\in T}sgn_{v}$ $G(A)$ $\neq T$
$sgn_{T}$ $L(s, \pi\otimes sgn_{T})=L(s, \pi)$
2.3
Waldspurger [18] Rallis [17]
2.4. $\pi$ $G(\mathbb{A})$ $\theta_{j-1}(\pi)=0$
$\theta_{j}(\pi)\neq 0$ :
$\bullet$ $i \leq\frac{n}{2}-1$ $L(s, \pi)$ $s=j+1- \frac{n}{2}$ ;
$\bullet$ $i \geq\frac{n-1}{2}$ $L(s, \pi)$ $s=j+1- \frac{n}{2}$ ;
$\bullet$ $v$ $\Theta\psi_{ },v,j(\pi_{v})\neq 0.$
$\pi$ $j(\pi)$ $L(s, \pi)$
$j( \pi)=\min\{j\in \mathbb{Z}|L(s, \pi)$ hae a pole at $s=j- \vdash 1-\frac{n}{2}\}.$
$L(s, \pi)$
$j( \pi)=\min\{j=[\frac{n}{2}], [\frac{n}{2}]+1, \ldots, n|L(j+1-\frac{n}{2}, \pi)\neq 0\}.$
$j(\pi\otimes sgn_{T})=j(\pi)$ $j( \pi)\leq\frac{n-1}{2}$ $0$
$\pi$
2.5. $G(\mathbb{A})$ $\pi$ $j( \pi)\leq\frac{n-1}{2}$
$\theta_{j(\pi)}(\pi\otimes sgn_{T})\neq 0$ $T$
$T’\neq T$ $\theta_{j}(\pi\otimes sgn_{T’})\neq 0$ $i\geq n-j(\pi)$
2.5 [20]
2.4 Rallis
Schr\"odinger $\sigma$ : $\omega\psi,v,j\otimes\overline{\omega\psi,v,j}arrow\omega_{\psi,V}\square ,j$
$\Theta(\phi_{1})((g, h))\overline{\Theta(\phi_{2})((g’,h))}=\Theta(\sigma(\phi_{1}\otimes\overline{\phi_{2}}))((g, g’, h))$ $(\phi_{1}, \phi_{2}\in\omega_{\psi,V,j})$ .
$G(F)\cross G(F)\backslash G(\mathbb{A})\cross G(\mathbb{A})$ $[G\cross G|$ $\theta_{j-1}(\pi)=0$
2.3(3) $\theta_{j}(\pi)$
$\langle\theta_{\phi_{1}}(\xi_{1}), \theta_{\phi_{2}}(\xi_{2})\rangle_{H}=\int_{H(F)\backslash H(A)}\theta_{\phi_{1}}(\xi_{1})(h)\overline{\theta_{\phi_{2\backslash }^{(}}\xi_{2})(h)}dh$
$= \int_{H(F)\backslash H(A)}\int_{[G\cross G]}\xi_{1}(g_{1})\overline{\xi_{2}(g_{2})}\Theta(\phi_{1})((g_{1}, h))\overline{\Theta(\phi_{2})((g_{2},h))}dg_{1}dg_{2}dh$
$= \int_{[G\cross G]}\xi_{1}(g_{1})\overline{\xi_{2}(g_{2})}\int_{H(F)\backslashH(A)}\Theta(\phi_{1})((g_{1}, h))\overline{\Theta(\phi_{2})((g_{2},h))}dhdg_{1}dg_{2}.$
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Siegel-Weil
$\int_{H(F)\backslash H(A)}\Theta(\phi_{1})((g_{1}, h))\overline{\Theta(\phi_{2})((g_{2},h))}dh=E(f_{\sigma(\phi_{1}\otimes\overline{\phi_{2}})}^{(s)})(i(g_{1}, g_{2}))|_{s=s_{j}}$
:
$\langle\theta_{\phi_{1}}(\xi_{1}), \theta_{\phi_{2}}(\xi_{2})\rangle_{H}=Z(\xi_{1}\otimes\overline{\xi_{2}}, f_{\sigma(\phi_{1}\otimes\overline{\phi_{2}})}^{(s)})|_{s=s_{j}}$. (2.2)
Siegel-Weil
Eisenstein Kudla
Rallis [10], Wee Teck Gan [3]




$Sj<0$ , $j \leq\frac{n}{2}-1$ $\Phi_{v}\in\omega_{\psi_{v},V^{\coprod},j}$
$F_{\Phi_{v}}^{(s)}=b_{v}(s)f_{\Phi_{v}}^{(s)}, h_{\Phi_{v}}^{(s)}=M_{v}^{\dagger}(-s)F_{\Phi_{v}}^{(-s)}$
$h_{\Phi_{v}}^{(s)}l\ovalbox{\tt\small REJECT} s=-s_{j}$ $iE\ovalbox{\tt\small REJECT}^{1J}$ $\grave{}\grave{}\grave {}I\not\in$ $t$
$\Phi\in\omega_{\psi,V^{\coprod},j}\ovalbox{\tt\small REJECT}_{\overline{c}}\mathfrak{R}\backslash$




$\phi\Phi$ $\doteqdot$ (2.2) $\Phi\prime\backslash \prime \mathscr{X}\ovalbox{\tt\small REJECT}_{\backslash }$ $\pi$
$\langle\theta_{\phi_{1}}(\xi_{1}), \theta_{\phi_{2}}(\xi_{2})\rangle_{H}=-\frac{{\rm Res}_{s=-s_{j}}Z(\xi_{1}\otimes\overline{\xi_{2}},h_{\sigma(\phi_{1}\otimes\overline{\phi_{2}})}^{(s)})}{{\rm Res}_{s=s_{j}}b(s)}$
$\theta_{j}(\pi)\neq 0$ $L(s, \pi)$ $s=j+1- \frac{n}{2}$
$L$ $\{\xi_{i}, \xi_{i}^{\vee}, f_{i}^{(s)}\}$
${\rm Res}_{s=n/2-j}L(s, \pi)=\sum_{i}{\rm Res}_{s=-s_{j}}Z(\xi_{i}\otimes\xi_{i}^{\vee}, f_{i}^{(s)})$ .
$M$ $(s)$ $G_{v}^{\square }$
$M_{v}^{*}(-s_{j}):I_{v}(-s_{j})arrow\Theta_{\psi_{v},V^{\square },j}(1)\oplus(\Theta_{\psi_{v},V^{\square },j}(1)\otimes sgn_{v})$
Eisenstein $I(Sj)$ $G^{\square }$
$G^{\square }(\mathbb{A})$ $f^{(-s_{j})}arrow{\rm Res}_{s=-s_{j}}E(f^{(s)})$
$I(-s_{j})arrow\oplus_{T}\Theta_{\psi,V^{\square },j}(1)\otimes sgn_{T}$
( $T$ ).
$M^{*}(-sj)h_{\Phi}^{(-s_{j})}=f_{\Phi}^{(s_{j})}$ $\{\xi_{1,i}, \xi_{2,i}, \phi_{1,i}, \phi_{2},{}_{i,i}T\}$
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${\rm Res}_{s=n/2-j}L(s, \pi)=-\frac{\sum_{i}{\rm Res}_{s=-s_{j}}Z(\xi_{1,i}\otimes\overline{\xi_{2,i}},h_{\sigma(\phi_{t,1}\otimes\overline{\phi_{2,i}})}^{(s)}\otimes sgn_{T_{i}})}{{\rm Res}_{s=s_{j}}b(s)}$
$= \sum_{i}\langle\theta_{\phi_{1,i}}(\xi_{1,i}\otimes sgn_{T_{i}}), \theta_{\phi_{2,i}}(\xi_{2,i}\otimes sgn_{T_{i}})\rangle_{H}.$
$L(s, \pi)$ $s=j+1- \frac{n}{2}$ $i$ $\theta_{j}(\pi\otimes sgn_{T_{i}})\neq 0.$
$V\not\in$ $\Theta_{j}(\pi_{v})\neq 0,$ $v\in$ $\Theta_{j}(\pi_{v}\otimes sgn_{v})\neq 0$ 1.16(1)
$T’\neq$ $\theta_{k}(\pi\otimes sgn_{T’})\neq 0$
$k\geq n-j$ 2.5
$i \geq\frac{n-1}{2}$ $L(s, \pi)$ $s=j+1- \frac{n}{2}$
$T$ $\theta_{n-1-j}(\pi\otimes sgn_{T})\neq 0$. $\theta_{j-1}(\pi)=0$
$T$ $\theta_{j}(\pi)=0$ $\theta_{j}(\pi)\neq 0$
$L(s, \pi)$ $s=j+1-\underline{\frac{n}{2}}$ $\xi_{1}=\otimes_{v}\xi_{1,v},$ $\overline{\xi_{2}}=\otimes_{v}\overline{\xi_{2,v}},$
$\phi_{1}=\otimes_{v}\phi_{1,v},$ $\overline{\phi_{2}}=\otimes_{v}\phi_{2,v}$
$\langle\theta_{\phi_{1}}(\xi_{1}),$ $\theta_{\phi_{2}}(\xi_{2})\rangle_{H}=\frac{L(j+1-\frac{n}{2},\pi)}{b(s_{j})}\prod_{v\in S}Z^{\dagger}(\xi_{1,v}\otimes\overline{\xi_{2},}{}_{v}F_{\sigma_{v}(\phi_{1,v}\otimes\overline{\phi_{2,v}})}^{(s_{j})})$ .
1.17 2.4
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